
FundamentalofoDts_

-
Last time :

•
f:/Ñ→1Ñ is locally tip. if forall compact
subsets ☐ CIR? 3- 1-70

s.t.1-cxi-fcyNEI-XX-YH.lt/.yc-☐
•It is globally Lip. if the inequality istrue

everywhere
Ilfov - fcysl.IE 1-11×-811 4-✗☒YER

"

- If flt, ×) is also a function oftime, then

f:[ to,t,] ✗ IR
"

-3112
"

is locally tip in ✗

uniformly mtE[tati] if # compact subsets ☐ CIR
"

⑦t.xi-fct.nl/E1-HX-YHHx.yc-DHtECt.,ti]
- globally tip~pufcf.H.fi/n,y)Hf1-1lk-41lHXitG1RMHtc-[to,ti



_hm_l :CExistence and uniqueness)

consider DDE I - flt, X) , ✗ Its) -Xo
-

Assume ordinary differential equation (4)
- f is piecewise continuous int .

- locally Lip .
in ✗ uniformly in test

"
"

would depend
I m Xo

Then
,
forall ✗

o
EIR
"

,
Id > o 5. t .

there exists a unique solution to ←)

on the interval [to , told ]

- If fctix, is globally Lip. unit in teltow)

Then, the solution exists for all time .

Remarks : [ Khalil footnote 3 pp 88 ]

-If we only care about existence , not uniqueness,
then continuity of Fox) is enough.

e.g. Fas - Tx



contraction mapping theoremproof :
→

-We will use CMT to prove existence

and uniqueness .

- we have to write the equation as a

fixed point problem .

• Integrate the ODE to get

✗a)= Xo + ftfcs,✗cssjds At c-[to,til
to

- Consider the space X - 8 ( [to , tig ;1Ñ)

- Consider the map
with U - Un -norm

it maps a
continuous

P : ✗ →✗
Ahmet

. to a continuous
funet .

t

① ×) cts -8 Xo + ftp.fcs.xcsdds
Htt [t.it,]



-

The solution to the ODE is a fixed point

of
✗ =P ✗

•
wewill use CMT to prove existence

and uniqueness of solution .

-
Conditions for CMT

⇒ Define a closed subset SEX

(E) PCX ) C- S for all ✗ c-S

11 CN - Pcyjll E PHX-411

where P c- Cool)

- start with ④ to be determined
later

on
5- { ✗ c- 8C [ to, told] ;1Ñ) / Ex -✗over}

N

s i:$ ☒toed → exercise ¥m✗*



IID need to show if ✗ c- s ⇒ PXES

equivalently
iif Hits - ✗over ⇒☒✗cts -Xotkr
for all t c-[to→ toad] for all 1- c-[to,ts§

- Puts -Xo- Stfcs,✗adds
to

= fcs,✗cssj-fcs.x.7-fcs.X.ifds-sllpkctl-X.ME#.Hfcs,XcsD--ks.x.)1l-l1fcs.x.H1ds
① f- is piecewise continuous in to itis bounded

•
Max llfct,✗☐111 - h LD
1- C- [to,t, ]

.

② 11×11-1 - X.tl Er and f is locally Lip . ⇒

Fb> os.t.IE/ctH-fct,Xo)Hfl-kXctI-Xd1El-r



-7 Ilpxcts - ✗out 5ft.fr -1h) ads
e- ④n+hDd

- So , in order to ensure PX c-5 , we need

¥r+h)d er

⇒ o<÷
④ Pis contraction

IPHcti-CPYJctil-ffqt.fcs.ks.tk#YcsD:dsfft1fcs,Xcsy-fcs,YcsD1ds
to

Lip. t

e- It.tl#sE,YE.-;!ds
£1411 ✗-411*8



→ HPX- PY 11*41-811×-416

- In order to have contraction → 1-8<1

⇒s
- Combining the two conditions for d

s < min {¥ n}
- Then , CMT applies , 3- ! solution on5

or on the interval [ to , toad]
r

④ an trajectories inside ¥¥
the ball is closed set →5*

④ starting at Xo . ✗a) remains
in ball if d f ¥n , 1- is Lip. Const . for ball

④ contraction if df¥



proofofgbbdaist-enee.io
- Why can't we conclude global 1 existence?

-
we start at ✗

☐
→ construct these.net.in for Ito,toad]

then wetabe ✗ (toed) as the new initial condition

and construct solution for [toads, traded]
and so on . .

-

a

:|:
to toad

,
toad

.
ad, - -

- The issue is that f. ✗↳ ✗ d, addz -1dg - - -4N

might not extend to •

e.g. orkzi-zk-sto-fgdke.to -11



- but if f is globally blip .
I universal

Lip . Constant th

-
Two conditions ;

d&¥
of Erin £7 £

⇒ we cantake do -ch - Sz- - - - 1-1-

→ solution can be extended indefinitely.

Remarks : if me knows @priori that the

solution is bounded
,
then locally Lip .

is enough to ensure global existence

→
In other wards , if no global solution , then

there should be finite -time blow -up

like ☒-✗2



Éampk_: ☒ - -✗3
,
✗ cos -Xo

⇒ fcxs •✗3 ⇒ ffx ) - 3×2
-

locally Lip .

→ local existence

But , we can argue that
the solution

is always bounded.
-✗
3
>☐ -*3<0

•#→
0

⇒ boy remark, wehave global existence

in fact, explicit form is known

✗ its - sgnHDF¥E×i



Example:
Ias -

A"→¥×§"→_',
where Acts, got) are piecewise cont . int
-

matrix
Fetor

→ over any
finite interval , Act and gas

is bounded .

⇒ MACHU Ea where A. u is any
induced matrix norm.

Nfat,✗ 1- fat,YI Il - h Act) RX -4111

£11 Act'll 11×-411

E a 11×-411 Hxy61R
"

→ global Lip .

→ 3- ! solution on [to ,t,]

↳ ti can be arbitrary large .



- Normof matrices induced from vector

norm .

- Consider norm 11×11,0=9×9*111-1 - - + XnPÉP
m ✗ c- 112

"

-
Consider a nxn matrix A.

-
The norm of A induced from II. Up is

11A ✗ Hpe sup
HA_✗Hp

✗=/ o 11 #Up

- By definition , we have the . inequality
HA ✗ Up £11 Allp II. ✗Up

- Special . cases :

= max £1 Aijl maximum absoluteAll
a en ia column sum

11 Allo - Max £1 Aijl max abs
.
raw sum

lfifn ja



IMA 112 - f¥A-TA) maximum

singular value

• Important inequality

HAIL £trÑÑJ -GE
-

ij

Frsbimies
-
norm


